We prove the full covariance of the heavy-to-light weak current matrix elements based on the Bakamjian-Thomas construction of relativistic quark models, in the heavy mass limit for the parent hadron and the large energy limit for the daughter one. Moreover, this quark model representation of the heavyto-light form factors fulfills the general relations that were recently argued to hold in the corresponding limit of QCD, namely that there are only three independent form factors describing the B → π(ρ) matrix elements, as well as the factorized scaling law ∼ √ M z(E) of the form factors with respect to the heavy mass M and large energy E. These results constitute another good property of the quark modelsà la Bakamjian-Thomas, which were previously shown to exhibit covariance and Isgur-Wise scaling in the heavy-to-heavy case.
From the point of view of the extraction of the weak couplings in B decay, and particularly |V ub |, the knowledge of the heavy-to-light inelastic form factors is of special interest. In addition, these form factors constitute quite complicated hadronic objects, which contain valuable information on the dynamics of the strong interactions. Therefore it is important to make progress in this field.
Using the Heavy Quark Effective Theory (HQET) and the Large Energy Effective Theory (LEET) to describe the soft contribution (i.e. the Feynman mechanism) to the heavy-to-light weak current matrix elements, we have recently shown [1] that there are only three independent form factors to describe the pseudoscalar to pseudoscalar or vector ground state transitions in the M → ∞ and E → ∞ limit, where M is the initial heavy mass, and E is the energy of the daughter hadron in the initial rest frame
with m ′ the mass of the light daughter hadron and q 2 the four-momentum transfer. Moreover, the three universal form factors obey a factorization formula with respect to the large scales M and E, ∼ √ M z(E). It may even happen that the dependence with respect to E (and thus to q 2 ) could be derived from first principles: indeed we have argued in Ref. [1] that a ∼ 1/E 2 scaling law should follow from the usual expectation of a ∼ (1 − u) suppression of the wave function of the final state, when the Feynman variable u becomes close to 1. As a support to HQET/LEET, we have checked that all these predictions are explicitly satisfied by the Light-Cone Sum Rule expressions for the form factors, in the M → ∞ and E → ∞ limit [1] .
These findings should have important phenomenological consequences, because for a strict heavy-to-light (m ′ ≪ M) transition the phase space is dominated by the region where the large energy limit for the final hadron applies. However, the overall normalization of the form factors still needs a dynamical analysis. This is a quite difficult step. By the approximate method of QCD sum rules on the light-cone, one obtains an expression of form factors in terms of the final hadron distribution amplitudes [2] . These distribution amplitudes are themselves calculable from the standard QCD sum rules, through their moments [3] . However, in the LEET situation, these functions are needed near u ∼ 1, which would require the large n moments while only the lowest moments are really accessible. The result is therefore quite uncertain.
The quark model appears as an interesting complementary dynamical method. It makes predictions in the whole kinematical range, although uncertain too. It may give an additional intuitive insight. The quark models for form factors are numerous. They have been reviewed in detail in Ref. [4] . One must be aware that not all are giving predictions really derived from quark model ideas. Many are introducing phenomenological estimates for the form factors, inspired by Vector Meson Dominance ideas or various large mass or large momentum transfer QCD general properties, instead of deriving them from wave function calculations. On the other hand, when one formulates models with three-dimensional wave functions, which have the advantage of being closely connected with the standard quark model study of spectroscopy, it is often difficult to satisfy general properties such as covariance or asymptotic statements, such as the Isgur-Wise scaling and the HQET/LEET relations that we have derived in Ref. [1] . A very interesting trend is then represented by the Bakamjian-Thomas class of models using three-dimensional wave functions [5] , with a rather general instantaneous interaction, which happen to be covariant in the heavy-to-heavy limit, and which also satisfy automatically the heavy quark symmetry [6] . Quite interestingly for the present purpose of realizing the HQET/LEET ideas in heavy-to-light transitions, they will be shown now to present covariance in the M → ∞ and E → ∞ limit, and to present the corresponding relations between the form factors, as well as the ∼ √ M z(E) scaling of the latter. At the same time, this will give additional support to these relations 2 . This class of models relies on the old, standard, instant form of Bakamjian-Thomas (B-T) construction of relativistic states [5] , which provides a well-defined procedure to boost the wave function from a given frame to any other, keeping fixed the number of constituents.
Note that in the heavy-to-heavy case, the B-T models have many good features: in addition to covariance and Isgur-Wise scaling [6] , let us mention duality sum rules and successful quantitative description of semileptonic B → D, D * , D * * transitions [7, 8] . Also, the decay constants of the heavy mesons calculated in the B-T models compare quite well with other approaches [8] .
Let us now consider the heavy-to-light case and settle the problem by recalling the basic features of the B-T representation of the hadronic states [5, 6] . A bound state of n constituents, the momenta of which are p i (i = 1 . . . n), is described by an internal wave function φ s 1 ,...,sn ( k 2 . . . k n ) where the s i are the spins of the constituents and the internal momenta k i ( k i = 0) are defined by
with B p the boost ( √ p 2 , 0 ) → p. This wave function is an eigenstate of the mass operator M and of the total spin operators S 2 , S z . The constituents are on shell, thus p
The full wave function (with the center of mass motion) Ψ s 1 ,...,sn ( p 1 . . . p n ) ( p i = p, the momentum of the bound state) is related to φ s 1 ,...,sn ( k 2 . . . k n ) by a unitary transformation, and the Hilbert space of the Ψ's is an exact representation of the Poincaré group [5, 6] .
In the B-T formalism, the Ψ → Ψ ′ current matrix element reads
In fact the relations have been first suggested to us by these models, before being settled on a QCD ground.
3 Contrary to Ref. [6] , we choose the usual relativistic normalization of states, hence the factor
In the expression above, the invariant mass M 0 of the quark system and the Wigner rotations R i are functions of the p i as follows:
Moreover D i (R) stands for the matrix of the rotation R for the spin s i , and the primed quantities refer to the final state. According to the additivity assumption of the quark model, O( p
is the matrix element of the current operator O between one-particle states.
From now on, we will consider heavy-to-light transitions, with a pseudoscalar heavy meson as the parent and a light ground state pseudoscalar P or vector V meson as the daughter. According to standard quantum mechanics, the pseudoscalar ground state is
while the vector one 4 is a linear combination of 3 S 1 and
We write the wave functions as follows:
where
( e is the three-dimensional rest frame polarization vector of the vector meson). The radial wave functions φ 2S+1 L J ( k 2 ) are required to be invariant by rotation (they depend only on | k 2 |) and are normalized according to
while the relative normalization of φ 3 S 1 and φ 3 D 1 is a dynamical quantity which could be computed by solving the bound state equation for the vector meson.
Following Refs. [6, 7] , we reexpress Eq. (3) in Dirac notation, by inserting the 2 × 2 matrices that appear above into the 2 × 2 upper left block of a 4 × 4 matrix, which is then completed with zeros. We obtain:
4 Note our normalization of states, Eq. (9).
with
In Eq. (10), we have defined the unit four-dimensional vectors u and u
and we have used the same notation O for the quark current operator and the corresponding Dirac matrix. The "boosted" spin wave function of the final state
As already stressed, Eq. (10) is not covariant in general, because of the prefactor in Eq. (11) , and because the four-dimensional vectors p 1 and p 
However, when the active quark dominates the kinematics, i.e. when u (′) , p
1 and p
become collinear, then the prefactor in Eq. (11) simplifies and the full expression (10) becomes covariant. This peculiar situation is realized in heavy-to-heavy transitions, as it is shown explicitly in Ref. [6] . Here we shall show that this situation is also realized for heavy-to-light matrix elements, in the limit of heavy mass for the initial meson and large energy for the final one. Let us now define this limit, as well as the appropriate kinematical variables [1] :
• The four-momentum p, mass M and four-velocity v of the initial heavy meson
• The four-vector n and the scalar E defined by
Thus
is just the energy of the light meson in the rest frame of the heavy meson. Recall the relation between E and the four-momentum transfer q 2 = (p − p ′ ) 2 :
The limit of heavy mass for the initial meson and large energy for the final one is defined as (Λ QCD , m ′ ) ≪ (M, E) , with v and n fixed,
where Λ QCD in the quark model stands for the typical size of the potential. Note that we do not assume anything for the ratios E/M and Λ QCD /m ′ . As n 2 = m ′ 2 /E 2 → 0, n becomes light-like in the above limit. In the rest frame of v, with the z direction along p ′ , one has simply
In a general frame one has the normalization conditions
Now we would like to find the expansion of Eq. (10) in the limit (21). In agreement with the HQET/LEET ideas [1] , we assume that the spectator quark remains soft, i.e. we consider the limit (21) with p 2 fixed. In addition we take M/m 1 → 1. Thus we have
In this limit the function F in Eq. (11) becomes a Lorentz scalar
It remains to expand the trace in Eq. (10). As for B u ′ χ † B −1 u ′ we have for the pseudoscalar meson
while for the vector meson it is convenient to introduce, in the rest frame of v with the z direction along p ′ , the null-vectors N and N
and to specify the polarization of the final state. Indeed, denoting by ǫ = B p ′ (0, e ) the physical polarization vector, one has
and
Inserting Eqs. (28) and (29) in Eqs. (13) and (14) and noting that u
, it is not difficult to find in the limit (21), for a transverse meson S-wave:
D-wave:
and for a longitudinal meson S-wave:
As for the argument of the wave functions in Eq. (10), we have from Eq. (24)
The wave functions, being invariant by rotation, are functions of the above Lorentz scalars only. In the end, the transition amplitude (10) becomes in the limit (21)
where the Dirac structure Γ refers to the final state:
As announced, Eq. (36) is covariant, which is another remarkable feature of the B-T formalism.
Thanks to its covariance properties, Eq. (36) can be further reduced. One defines three form factors A, B and C by
Then the matrix element (36) reads
Indeed (1 + v /)v / = (1 + v /) and from Eq. (37), n / commutes or anticommutes with Γ, which yields n / Γ n / = ±Γ n / 2 ≃ 0. To summarize, we consider for definiteness the B → P (V ) transitions, and from Eqs. (5), (6), (38), (39) and (41) we obtain
where the form factors ζ, ζ // and ζ ⊥ are given in terms of the overlap integrals ζ
Calculating explicitly the traces for O = 1 , γ 5 , γ µ , γ µ γ 5 , σ µν , σ µν γ 5 , we recover the HQET/LEET prediction derived in Ref. [1] , namely that there are only three independent form factors describing the transitions B → P (V ) in the limit of heavy mass for the initial meson and large energy for the final one:
are respectively the vector, axial, tensor and pseudotensor weak currents, with q the appropriate light quark field.
Moreover, Eqs. (47)- (48) exhibit a factorized scaling law ∼ √ M z(E) with respect to the large scales M and E, which is also in agreement with our general results [1] . Note that contrary to the heavy-to-heavy case [6] , the form factors depend on the final state through the wave functions φ 2S+1 L J , and there is no definite normalization of the form factors at some particular q 2 . We would like to make some additional comments. While the dependence with respect to the heavy mass M of the form factors requires no dynamical analysis, the knowledge of their dependence with respect to the large energy E (and thus to q 2 ) needs the study of the behaviour of the internal wave function φ( k) at large relative momentum | k| (see Eq. (48)), that depends a priori on the specific potential of the constituent quark model. We have shown explicitly in Ref. [1] that the Light-Cone Sum Rules, plus the assumption of the asymptotic-like behaviour for the distribution amplitudes near u ∼ 1, predict a definite 1/E 2 scaling law, and we have argued that the latter dependence might be a very general property of QCD. The question of whether the quark model with a QCD-inspired potential can agree with this result is left for further investigation.
Our approachà la Bakamjian-Thomas is similar in spirit with the ones of Stech [9] and Soares [10] . These authors have considered a general constituent quark picture and have obtained relations between the form factors which are close to Eqs. (49)-(54), provided that ζ // = ζ ⊥ . As already said in Ref. [1] , we have found no general reason supporting the latter identity; this even seems in contradiction with the Light-Cone Sum Rule approach, which does not imply ζ // = ζ ⊥ . In the B-T formalism, Eqs. (47)-(48), ζ // = ζ ⊥ would hold if the D-wave were asymptotically suppressed by some power of E with respect to the S-wave in the vector meson; such a suppression would depend on the structure of the spin-dependent interaction in the potential, and thus is not guaranteed a priori.
It is useful to discuss the connection of the instant form of Bakamjian-Thomas models, that we have just described, with the particular P = ∞ models which are based on a similar B-T construction on the null-plane [11, 12] . The latter models have two versions, unequivalent because the approach is not covariant in general, the longitudinal [13] and the transverse [14] ones, the null-plane axis being respectively parallel or perpendicular to the three-dimensional momentum transfer; in the transverse case, one has to perform an analytical continuation to go into the physical region for semileptonic decays [14] 5 . We have shown [15] that these null-plane models are recovered from the instant form through large velocity Lorentz boosts (P = ∞). Now, covariance is satisfied for the instant form in the heavy-to-heavy limit [6] , and also, as shown above, in the limit of heavy mass for the initial hadron and large energy for the final one, relevant for heavy-to-light meson transitions. Then it may be expected, by interchange of the limits with the infinite-momentum boost, that the instant and null-plane approaches will give the same results in these limits. Namely, the corresponding limits of the null-plane models would also be covariant and the same for the longitudinal and transverse cases, and identical to the covariant limit of the instant form that we have just derived. Indications favoring this intuition are, in the heavy-to-heavy case, the equality of the slope ρ 2 of the Isgur-Wise function calculated for the same mass operator (see the discussion in the paper on B → D, D * , D * * in Ref. [8] ), and in the heavy-to-light case, the fact that our expression (45) for f + coincides at q 2 = 0 with the null-plane formula of Ref. [14] . To conclude, we have shown that the quark model representation of the heavyto-light transition amplitudes based on the Bakamjian-Thomas construction of states become covariant in the heavy mass limit for the parent hadron, and the large energy limit for the daughter one. Moreover, in agreement with the general results that we have found in Ref. [1] , only three independent form factors are needed to describe all the ground state to ground state matrix elements in this limit; these universal form factors satisfy a simple scaling law with respect to the large scales, ∼ √ M z(E).
